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ŽThe search of a proper relaxation procedure in the sense that relaxed minimiz-
.ers can be approximated with ordinary controls for optimal control problems
involving delays in the control variables has been the main topic of several recent
papers. Three models of relaxation, which we call the weak, strong, and D
procedures, have been proposed and, in all cases, the existence of minimizers has
been established. It has been proved that the D-model is a proper relaxation
procedure, but determining the set of D-relaxed controls for specific problems is
very difficult and perhaps even a hopeless task. Thus there is a need to find more
concrete characterizations of the closure of the space of ordinary delayed controls.
In the event of commensurate delays this is solved through the strong model: the
space of strongly relaxed controls coincides with the space of D-relaxed controls.
For the noncommensurate case, the problem of how to characterize D-relaxed
controls has remained unsolved and, although a natural candidate had been the
space of weakly relaxed controls, now we know that for either commensurate or
noncommensurate delays it may fail to be proper. In this paper we are finally able
to characterize D-relaxed controls for two noncommensurate delays by the intro-
duction of a new model of relaxation, the P-model, which turns out to be a space
strictly contained in that of weakly relaxed controls. Q 2000 Academic Press
Key Words: optimal control problems; systems with time delays; proper relaxation
procedures.
1. INTRODUCTION
In this paper we provide a proper relaxation procedure for optimal
control problems involving two delays in the control variables. In order to
understand this contribution, let us begin by briefly stating the problem we
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Ž .For T ; R compact and R a compact metric space, denote by M T , R
Ž .the space of measurable functions mapping T to rpm R with the weak
1Ž Ž ..U Ž .star topology of L T , C R , where rpm R is the space of Radon
Ž .Uprobability measures on R with the weak star topology of C R . Let
Ž .U T , R be the space of measurable functions mapping T to R, embedded
Ž . Ž .in M T , R by identifying each u g U T , R with the function t ‹ d ,uŽ t .
Ž .where d also written as d a is the Dirac measure at a.a
Ž . Ž .It is well know that M T , R coincides with cl U T , R , the weak star
Ž . Ž .closure of U T , R . For optimal control problems where U T , R is the
space of ordinary controls, under the usual assumptions on the data of the
Ž .problem, the existence of minimizers in the space M T , R of relaxed
controls can thus be assured, and they can be approximated with ordinary
Ž .controls. This fact is summarized by saying that M T , R provides a
Ž .‘‘proper’’ relaxation procedure for U T , R . For a full account of these
ideas, together with a thorough study of relaxation and its importance in
w xoptimal control theory, we refer the reader to Warga’s book 10 .
For optimal control problems involving delays in the controls, several
attempts have been made to find proper relaxation procedures. The space
of ordinary delayed controls that we shall consider, which illustrates the
main difficulties encountered when addressing relaxation questions, is
given by
U u , u , . . . , uŽ .1 2 k
s u , u , . . . , u g U T , Vkq1 ‹ u t s u t y DŽ . Ž . Ž . Ž . 0 1 k i iy1 i
a.e. in T i s 1, 2, . . . , k ,Ž . 4i
w xwhere T s 0, 1 , 0 - u - ??? - u - 1 are given real numbers, V is a1 k
w x Žgiven compact metric space, and u s 0, D s u y u , T s D , 1 i s0 i i iy1 i i
.1, 2, . . . , k . The question of finding a proper relaxation procedure for this
Ž kq1.problem corresponds to that of finding a subset of M T , V which
Ž .coincides with the weak star closure of U u , u , . . . , u . To do so, we1 2 k
need to impose some conditions generalizing the compatibility conditions
on the controls. Let us describe three relaxation procedures which have
Ž w x.been recently proposed see 8, 11 .
Ž kq1.We say that an element m of M T , V is a
v
1Ž Ž ..weakly relaxed control if, for all w in L T , C V and i s 1, 2, . . . , k,
dt w t , r m t dr s dt w t , r m t y D dr ;Ž . Ž . Ž . Ž . Ž . Ž .H H H Hi iy1 i
T Ti i
PROPERLY RELAXED CONTROLS 99
v Ž .strongly relaxed control if u s iu i s 1, 2, . . . , k for some u gi
Ž . 1Ž Ž k ..0, 1rk and, for all w in L T , C V ,
1
dt w t , r , r , . . . , r m t drŽ . Ž . Ž .H H 1 2 k
u
1
s dt w t , r , r , . . . , r m t y u dr ;Ž . Ž . Ž .H H 0 1 ky1
u
v Ž .D-relaxed control if, for all w in D u , u , . . . , u ,1 2 k
1
dt w t , r , r , . . . , r m t dr F 0Ž . Ž . Ž .H H 0 1 k
0
where
D u , u , . . . , uŽ .1 2 k
1 kq1 w xs w g L T , C V ‹ for every u g U yu , 1 , V ,Ž . Ž .Ž . k½
1
w t , u t , u t y u , . . . , u t y u dt F 0 .Ž . Ž . Ž .Ž .H 1 k 5
0
Ž . Ž .For the three cases, r s r , r , . . . , r . We denote by M u , u , . . . , u ,0 1 k w 1 2 k
Ž . Ž .M u , and M u , u , . . . , u the sets of weakly, strongly, and D relaxedk D 1 2 k
controls, respectively.
An equivalent condition which characterizes weakly or strongly relaxed
Ž kq1.controls can be stated in terms of projections. An element m of M T , V
Ž .belongs to M u , u , . . . , u if and only ifw 1 2 k
P m t s P m t y D a.e. in T i s 1, 2, . . . , kŽ . Ž . Ž .i iy1 i i
Ž n.  4where if, say, m g M T , V for some n g N and S ; 0, 1, . . . , n y 1 ,
Ž . Ž .then P m t denotes the projection onto the S coordinates of m t .S
Ž .Similarly, m g M u if and only ifk
w xP m t s P m t y u a.e. in u , 1 .Ž . Ž .1, 2, . . . , k 0, 1, . . . , ky1
The three sets just described contain the set of ordinary controls and,
Ž kq1.regarding them as subspaces of M T , V with the weak star topology,
Ž w x. Ž .they are all compact see 8 . Also, we know that both M u , u , . . . , uD 1 2 k
Ž . Ž w x.and cl U u , u , . . . , u coincide see 12 and thus the D-model provides1 2 k
a proper relaxation procedure for delayed controls. However, as we point
w xout in 9 , determining the set of D-relaxed controls for specific problems
is very difficult and perhaps even a hopeless task. Thus there is a need to
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find more concrete characterizations of the closure of the space of ordi-
nary delayed controls.
In the event of commensurate delays this is solved precisely through the
strong model. We know that strongly relaxed controls also provide a
Ž w x.proper relaxation procedure see 4 and thus
M u , 2u , . . . , ku s M u s cl U uŽ . Ž . Ž .D k k
Ž . Ž .where U u s U u , 2u , . . . , ku . For the noncommensurate case thek
problem of how to characterize D-relaxed controls has remained unsolved.
Ž wA natural candidate had been the space of weakly relaxed controls see 2,
x.3, 5, 6 but now we know that, even for the noncommensurate case, the
first equality in the relation
M u , u , . . . , u s M u , u , . . . , u s cl U u , u , . . . , uŽ . Ž . Ž .w 1 2 k D 1 2 k 1 2 k
w xdoes not necessarily hold. This fact was established in 7 by giving an
example of a weakly relaxed control which, for either commensurate or
noncommensurate delays, does not belong to the closure of the space of
ordinary controls.
In the present paper we provide a representation of properly relaxed
delayed controls for the case of two delays and illustrate its application
with several examples.
2. A NEW MODEL AND SOME REMARKS
Let us begin by introducing a new model of relaxation and state our
main result. It should be noted that this model is defined for systems
involving any two delays and that the underlying control space is assumed
to be an arbitrary compact metric space.
DEFINITION. Let V be a compact metric space and, for any 0 - u -1
u - 1, let2
M u , u [ m g M u , u ‹ for some s g M T , V3 ,Ž . Ž . Ž .N 1 2 w 1 2
w xP m t s P s t a.e. in 0, 1 ,Ž . Ž .01 12
w xP m t s P s t y a a.e. in a , 1 ,Ž . Ž .02 02
w xP m t s P s t y u a.e. in u , 1Ž . Ž . 412 01 2 2
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where a s u y u . If u ru s prq, with p, q g N, let u [ u rp s u rq2 1 1 2 1 2
and
M u , u [ m g M T , V3 ‹ for some s g M u ,Ž . Ž . Ž .C 1 2 q
w xm t s P s t a.e. in 0, 1 .Ž . Ž . 40, p , q
Define
M u , u if u ru is irrationalŽ .N 1 2 1 2
M u , u [Ž .P 1 2 ½ M u , u otherwise.Ž .C 1 2
The letters C , N, and P stand for ‘‘commensurate,’’ ‘‘noncommen-
surate,’’ and ‘‘proper,’’ respectively. We claim that P-relaxed controls are
properly relaxed controls.
Ž . Ž .2.1. THEOREM. For any 0 - u - u - 1, cl U u , u s M u , u .1 2 1 2 P 1 2
Before proving this result, let us make a few remarks.
Ž 3. Ž 3.2.2. Note. Suppose m g M T , V is such that, for some s g M T , V ,
w xP m t s P s t a.e. in 0, 1 , 1Ž . Ž . Ž .01 12
w xP m t s P s t y a a.e. in a , 1 , 2Ž . Ž . Ž .02 02
w xP m t s P s t y u a.e. in u , 1 . 3Ž . Ž . Ž .12 01 2 2
Ž .Then u F 1 y a « m g M u , u and, if 1 y a - u , the following are2 w 1 2 2
equivalent:
Ž .a. m g M u , u .w 1 2
Ž . Ž . w xb. P m t s P m t y u a.e. in 1 y a , u .1 0 1 2
Ž . Ž . w xc. P m t s P s t y u a.e. in 1 y a , u .1 1 1 2
Proof. Observe first that our assumptions on m and s imply that
w x w xP m t s P m t y u a.e. in u , 1 y a j u , 1 , 4Ž . Ž . Ž .1 0 1 1 2
w xP m t s P m t y a a.e. in a , 1 . 5Ž . Ž . Ž .2 1
To prove this claim, note that
w xP m t s P s t a.e. in 0, 1 by 1Ž . Ž . Ž .Ž .1 2
w xP s t s P m t q a a.e. in 0, 1 y a by 2Ž . Ž . Ž .Ž .2 2
w xP m t q a s P s t y u a.e. in u , 1 y a by 3Ž . Ž . Ž .Ž .2 1 1 1
w xP s t y u s P m t y u a.e. in u , 1 q u by 1Ž . Ž . Ž .Ž .1 1 0 1 1 1
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Ž . Ž . w xand so P m t s P m t y u a.e. in u , 1 y a . Also,1 0 1 1
w xP m t s P s t y u a.e. in u , 1 by 3Ž . Ž . Ž .Ž .1 0 2 2
w xP s t y u s P m t y u a.e. in u , 1 q u , by 2Ž . Ž . Ž .Ž .0 2 0 1 2 1
Ž . Ž . w x Ž .and so P m t s P m t y u a.e. in u , 1 . This proves 4 . Now,1 0 1 2
w xP m t s P s t y a a.e. in a , 1 by 2Ž . Ž . Ž .Ž .2 2
w xP s t y a s P m t y a a.e. in a , 1 q a by 1Ž . Ž . Ž .Ž .2 1
Ž . Ž . w x Ž .and so P m t s P m t y a a.e. in a , 1 . This proves 5 .2 1
Ž 3.From the definition of weakly relaxed controls, m g M T , V belongs to
Ž .M u , u if and only ifw 1 2
w xP m t s P m t y u a.e. in u , 1 ,Ž . Ž .1 0 1 1
w xP m t s P m t y a a.e. in a , 1 .Ž . Ž .2 1
Ž . Ž . Ž .From 4 and 5 we conclude that u F 1 y a « m g M u , u . Now, if2 w 1 2
Ž . Ž . Ž . Ž .1 y a - u , we clearly have a m b . Finally, since P m t s P s t2 0 1
Ž . Ž .a.e. in T , b m c .
Ž . Ž .2.3. Note. Observe that, for any 0 - u - 1r2, M u ; M u , 2u . This2 N
can be easily seen, if
3 w xm g M u s m g M T , V ‹ P m t s P m t y u a.e. in u , 1 ,Ž . Ž . Ž . Ž . 42 12 01
Ž . Ž . w . Žby setting s t [ m t q u if t g 0, 1 y u the value of s is immaterial
w x.on 1 y u , 1 . On the other hand, the converse may not hold. If, for
 4example, V s 0, 1 and
1 1m t s d 0, 0, 1 q d 1, 1, 0 t g TŽ . Ž . Ž . Ž .2 2
then the function
1 1s t s d 0, 1, 1 q d 1, 0, 0 t g TŽ . Ž . Ž . Ž .2 2
Ž . Ž .shows that m g M u , 2u , but m f M u .N 2
Ž . Ž .2.4. Note. For any 0 - u - u - 1, U u , u ; M u , u .1 2 1 2 N 1 2
Ž . Ž . Ž . Ž Ž . Ž . Ž .. ŽProof. Suppose u, ¤ , w g U u , u and m t s d u t , ¤ t , w t t1 2
. Ž . Ž Ž . Ž . Ž .. Ž . Ž . Ž .g T . Define s t [ d x t , u t , ¤ t t g T where x t s u t q a if
w . Ž w x. Ž .t g 0, 1 y a the value of x is immaterial on 1 y a , 1 . Since u, ¤ , w
Ž .g U u , u we have1 2
w x¤ t s u t y u a.e. in u , 1 andŽ . Ž .1 1
w xw t s ¤ t y a a.e. in a , 1 .Ž . Ž .
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Ž .Thus m g M u , u andw 1 2
P m t s P s t a.e. in T ,Ž . Ž .01 12
P m t s d u t , w t s d x t y a , ¤ t y a s P s t y aŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .02 02
w xa.e. in a , 1 ,
P m t s d ¤ t , w t s d u t y u , ¤ t y aŽ . Ž . Ž . Ž . Ž .Ž . Ž .12 1
w xs d x t y u , u t y u s P s t y u a.e. in u , 1 .Ž . Ž . Ž .Ž .2 2 01 2 2
2.5. Note. If p - q are positive integers and 0 - u - 1rq, then
Ž . Ž .cl U pu , qu s M pu , qu .C
Ž . n Ž n n n.Proof. ‘‘; ’’ Let m g cl U pu , qu and let u s u , u , u g0 1 2
Ž 3. nU T , V be such that u “ m, n “ ‘, and
n n w xu t s u t y pu a.e. in pu , 1Ž . Ž .1 0
n nu t s u t y q y p u a.e. in q y p u , 1 .Ž . Ž . Ž .Ž .2 1
n Ž n n n. Ž qq1. nŽ . nŽ .Define ¤ s ¤ , ¤ , . . . , ¤ g U T , V by ¤ t [ u t for all t g T0 1 q 0 0
and, for i s 1, 2, . . . , q,
n w x¤ t y u t g u , 1Ž .iy1n¤ t [Ž .i n½ wu t q q y i u t g 0, u .Ž .Ž . .2
 n4 Ž . Ž .Since ¤ ; M u , there exist a subsequence we do not relabel andq
Ž . nsome s g M u such that ¤ “ s , n “ ‘. Also,q
P d ¤ n t s d un t a.e. in TŽ . Ž .Ž . Ž .0, p , q
Ž . Ž .and, therefore, m t s P s t a.e. in T.0, p, q
Ž 3. Ž . Ž . Ž .‘‘> ’’ Let m g M T , V and s g M u with m t s P s t a.e.q 0, p, q
Ž . n Ž n n n. Ž .in T. Since s g cl U u , there exists u s u , u , . . . , u g U u for allq 0 1 q q
n Ž n n n.4 Ž .n g N such that u “ s , n “ ‘. Thus u , u , u belongs to U pu , qu0 p q
and converges to m.
2.6. Note. The compatibility conditions defining the membership of
Ž .M u , u are expressible in terms of a set of continuous linear functionalN 1 2
constraints, as is the case for weakly and strongly relaxed controls. Observe
Ž . Ž .that an element m of M u , u belongs to M u , u if and only if therew 1 2 N 1 2
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Ž 3.exists s g M T , V such that
1 1
dt w t , r , r m t dr s dt w t , r , r s t dr ,Ž . Ž . Ž . Ž . Ž . Ž .H H H H0 1 1 2
0 0
1 1
dt w t , r , r m t dr s dt w t , r , r s t y a dr ,Ž . Ž . Ž . Ž . Ž . Ž .H H H H0 2 0 2
a a
1 1
dt w t , r , r m t dr s dt w t , r , r s t y u dr ,Ž . Ž . Ž . Ž . Ž . Ž .H H H H1 2 0 1 2
u u2 2
1Ž Ž 2 .. Ž .for all w in L T , C V , where r s r , r , r . Essentially the same0 1 2
w x Ž .arguments as those employed by Warga in 11 to show that M u , u is aw 1 2
Ž 1Ž Ž 3..U .nonempty compact set in the weak star topology of L T , C V imply
Ž .that M u , u is compact.N 1 2
3. PROOF OF THEOREM 2.1
Since we shall be concerned with the specific question of constructing a
Ž .methodology for approximating elements of M u , u with ordinaryN 1 2
delayed controls, it will be convenient to explain the construction given in
w x10 for delay free problems.
Ž .  4 Ž3.1. THEOREM. Gi¤en m g M T , V , there exists a sequence u ; U T ,i
.V which con¤erges to m.
Ž . mProof. Let m g M T , V . Since V ; R is compact, for every i g N we
˜i Ž Ž ..can cover V by a finite collection of open sets R k s 1, . . . , k i ofk
diameter at most 1ri. Setting
ky1
i i i˜ ˜R [ R y R k s 1, . . . , k iŽ .Ž .Dk k j
js1
i i Žand eliminating all empty R , we can partition V into sets R k sk k
Ž ..1, . . . , k i that are differences of open sets. Similarly, we can partition
w x i Ž Ž ..T s 0, 1 into nonempty disjoint Borel subsets T j s 1, . . . , j i ofj
diameter at most 1ri. Let




i ia s m TŽ .Ý j , k j
ks1
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where m denotes the Lebesgue measure in R, we can partition each T ij
i Ž i . i  Ž .4into subsets T such that m T s a . Now, for each k g 1, . . . , k i ,j, k j, k j, k
choose a point r i g Ri and definek k
Ž .j i
i iu t [ r for all t g T k s 1, . . . , k i .Ž . Ž .Ž .Di k j , k
js1
Let us prove that this sequence of ordinary controls converges to m.
w xIn Theorem I.5.25 of 10 it is shown that the set
k
C T m C V s t , r ‹ f t c r ‹ k g N,Ž . Ž . Ž . Ž . Ž .Ý i i½
is1
f g C T , c g C VŽ . Ž .i i 5
1Ž Ž ..is dense in L T , C V so that it suffices to prove that
lim f t c u t dt s f t c m t dtŽ . Ž . Ž . Ž .Ž .Ž .H Hi
i
Ž . Ž .for arbitrary f g C T and c g C V . Let M and M represent af c
Ž . Ž .modulus of continuity of fixed f g C T and c g C V respectively, and
i i Ž Ž ..let t be an arbitrary point of T i g N, j s 1, . . . , j i . We havej j
f t dt c r m t dr y f t c u t dtŽ . Ž . Ž . Ž . Ž . Ž .Ž .H H H i
Ž .Ž . Ž . j ik i k i
i i iF f t c r m t R dt y c r f t dtŽ . Ž . Ž .Ž . Ž . Ž .Ý Ý ÝH Hk k k
iTj, kks1 ks1 js1
q M 1ri f t dtŽ . Ž .Hc
Ž .Ž . j ik i
i is c r f t m t R dt y f t dtŽ . Ž . Ž .Ž . Ž .Ý Ý H Hk k
i iT Tj j, kks1 js1
q M 1ri f t dtŽ . Ž .Hc
Ž .Ž . j ik i
i i i iF c r f t m t R dt y m TŽ .Ž . Ž .Ž . Ž .Ý Ý Hk j k j , k
iTjks1 js1
< < < <q 2 M 1ri m T c q M 1ri fŽ . Ž . Ž .sup 1f c
< < < <s 2 M 1ri m T c q M 1ri f “ 0, i “ ‘,Ž . Ž . Ž .sup 1f c
and the proof is complete.
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 4For clarity of exposition, let us first assume that V s 0, 1 . Observe
that, in view of the last three notes of Section 2, Theorem 2.1 will be
Ž .proved if we show that for the noncommensurate case any element of
Ž . Ž .M u , u can be approximated with elements of U u , u . To prove it, weN 1 2 1 2
shall need some auxiliary results.
Ž 3.Let us first give a methodology for approximating any m g M T , V
Ž 3.with elements of U T , V . Arguments similar to those used for proving
Theorem 3.1 yield the following result.
Ž 3.  i4 Ž .3.2. LEMMA. Let m g M T , V , and suppose T for j s 1, 2, . . . , j i isj
any partition of T of nonempty disjoint Borel sets of diameter at most 1ri. Set
 4  4R [ 0 , R [ 1 , r [ 0, r [ 1, and define1 2 1 2
u t , ¤ t , w t [ r , r , rŽ . Ž . Ž . Ž .Ž .i i i k l m
Ž .j i
i  4for all t g T k , l , m g 1, 2 ,Ž .D j , k , l , m
js1
 i 4 iwhere T is any partition of T satisfyingj, k , l, m k , l, m j
i  4m T s m t R = R = R dt k , l , m g 1, 2 .Ž . Ž . Ž .Ž . Hj , k , l , m k l m
iTj
Ž .Then u , ¤ , w “ m, i “ ‘.i i i
In the following lemma we give a fundamental result which is a conse-
Ž . w xquence of the way membership of M u , u is defined. In 7 we gave anN 1 2
example, for the noncommensurate case, of a weakly relaxed control which
cannot be approximated with ordinary delayed controls. As we pointed out,
Ž .the reason that lay behind this was that relation 8 below was not
satisfied.
Ž 3.3.3. LEMMA. Let 0 - u - u - 1, a [ u y u , m g M T , V , and1 2 2 1
w .suppose that T is an inter¤al in 0, 1 such that1
T [ T q a , T [ T q u , and T [ T q up 1 q 1 1 r 1 2
w .  4  4are disjoint and belong to 0, 1 . Set R [ 0 , R [ 1 , r [ 0, r [ 1,1 2 1 2
a [ m t R = R = R dtŽ . Ž .Hj , k , l , m k l m
Tj
 4  4k , l , m g 1, 2 , j g 1, p , q , rŽ .
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Ž 3.and suppose there exists s g M T , V such that, a.e. in T ,1 1
P s t s P m t , 1Ž . Ž . Ž .12 01
P s t s P m t q a , 2Ž . Ž . Ž .02 02
P s t s P m t q u . 3Ž . Ž . Ž .01 12 2
 4Then there exist disjoint measurable sets T for j s 1, p, r such thatj, k , l, m
m T s a and T s T , 4Ž .Ž . Dj , k , l , m j , k , l , m j , k , l , m j
k , l , m
and if we define
u t , ¤ t , w t [ r , r , rŽ . Ž . Ž . Ž .Ž . k l m
 4for all t g T k , l , m g 1, 2 5Ž .Ž .D j , k , l , m
js1, p , r
then
¤ t s u t y u , w t s u t y u t g T andŽ . Ž . Ž . Ž . Ž .1 2 r
6Ž .
w t s ¤ t y a t g T .Ž . Ž . Ž .p
If also
P s t s P m t q u a.e. in T 7Ž . Ž . Ž .1 1 1 1
 4 Ž .then there exist disjoint measurable sets T satisfying 4 for j s q andq, k , l, m
Ž . Ž .such that, if we define u, ¤ , w as in 5 for j s q, then
¤ t s u t y u t g T j T andŽ . Ž . Ž .1 q r
8Ž .
w t s ¤ t y a t g T j T .Ž . Ž . Ž .p r
Proof. Let
 4b [ s t R = R = R dt k , l , m g 1, 2Ž . Ž . Ž .Hk , l , m k l m
T1
 4and choose any disjoint measurable sets S satisfyingk , l, m
m S s b and S s T .Ž . Dk , l , m k , l , m k , l , m 1
k , l , m
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Define
 4A [ S l , m g 1, 2Ž .Dl , m k , l , m
k
 4B [ S q a k , m g 1, 2Ž .Dk , m k , l , m
l
 4C [ S q u k , l g 1, 2Ž .Dk , l k , l , m 2
m
and observe that
m A s m S s b s a by 1Ž . Ž .Ž .D Ý Ýl , m k , l , m k , l , m 1, l , m , kž /
k k k
m B s m S s b s a by 2Ž . Ž .Ž .D Ý Ýk , m k , l , m k , l , m p , k , l , mž /
l l l
m C s m S s b s a . by 3Ž . Ž .Ž .D Ý Ýk , l k , l , m k , l , m r , m , k , lž /
m m m
 4 Ž .We can thus partition A into subsets T such that m T sl, m 1, l, m , k k 1, l, m , k
 4 Ž .a , B into subsets T such that m T s a , and1, l, m , k k , m p, k , l, m l p, k , l, m p, k , l, m
 4 Ž .C into subsets T such that m T s a . Note also thatk , l r , m , k , l m r , m , k , l r , m , k , l
 4 Ž .each T is a partition of T and so 4 holds for j s 1, p, r.j, k , l, m j j
Now, since
 4T s A s S l , m g 1, 2 ,Ž .D D1, l , m , k l , m k , l , m
k k
we have
 4T s S m g 1, 2Ž .D D1, l , m , k k , l , m
k , l k , l
and
 4T s S l g 1, 2 .Ž .D D1, l , m , k k , l , m
k , m k , m
Also, since
 4T s B s S q a k , m g 1, 2 ,Ž .D Dp , k , l , m k , m k , l , m
l l
we have
 4T s S q a k g 1, 2 .Ž .D Dp , k , l , m k , l , m
l , m l , m
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Ž . Ž .Define now u, ¤ , w as in 5 . Let t g T , so thatr
 4t g C s T for some k , l g 1, 2 .Dk , l r , m , k , l
m
Therefore
t y u g S ; S s TD D D2 k , l , m k , l , m 1, l , m , k
m k , m k , m
Ž . Ž .and so w t s r s u t y u . Also,l 2
t y u g S q a ; S q a s TD D D1 k , l , m k , l , m p , k , l , m
m l , m l , m
Ž . Ž .and so ¤ t s r s u t y u . Similarly, if t g T , so thatk 1 p
 4t g B s T for some k , m g 1, 2 ,Dk , m p , k , l , m
l
then
t y a g S ; S s T ,D D Dk , l , m k , l , m 1, l , m , k
l k , l k , l
Ž . Ž .implying that w t s r s ¤ t y a .m
Ž . Ž .We have thus proved 6 . Suppose now that 7 holds. In a manner
similar to the previous constructions, define
 4D [ S q u l g 1, 2Ž .Dl k , l , m 1
k , m
and observe that
m D s m S s b s a . by 7Ž . Ž .Ž .D Ý Ýl k , l , m k , l , m q , k , l , mž /
k , m k , m k , m
 4 Ž .We can thus partition D into subsets T such that m T sl q, k , l, m k , m q, k , l, m
Ž . Ž . Ž .a and, as before, 4 holds for j s q. Define now u, ¤ , w as in 5q, k , l, m
for j s q and take any t g T . Sinceq
 4t g D s T for some l g 1, 2 ,Dl q , k , l , m
k , m
we have
t y u g S s TD D1 k , l , m 1, l , m , k
k , m k , m
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Ž . Ž .and thus ¤ t s r s u t y u . Finally, note thatl 1
w t s u t y u s u t y u y a s ¤ t y a t g TŽ . Ž . Ž . Ž . Ž .2 1 r
Ž .and so 8 holds.
3.4. Note. Suppose that, in the statement of Lemma 3.3, we are given
 4 Ž .beforehand disjoint measurable sets T for j s 1 such that 4 holdsj, k , l, m
for j s 1. If we define
 4A [ T l , m g 1, 2Ž .Dl , m 1, l , m , k
k
then
m A s m T s a s b , by 1Ž . Ž .Ž .D Ý Ýl , m 1, l , m , k 1, l , m , k k , l , mž /
k k k
 4 Ž .and we can partition A into subsets S such that m S sl, m k , l, m k k , l, m
b . Also,k , l, m
S s A s T s T .D D Dk , l , m l , m 1, l , m , k 1
k , l , m l , m l , m , k
Proceeding as before with B and C it follows that there exist disjointk , m k , l
 4 Ž .measurable sets T for j s p, r such that 4 holds for j s p, r and,j, k , l, m
Ž . Ž . Ž .defining u, ¤ , w as in 5 for j s p, r, 6 is satisfied.
 4Similarly, if we are given disjoint measurable sets T for j s pj, k , l, m
Ž .such that 4 holds for j s p, set
 4B [ T k , m g 1, 2 .Ž .Dk , m p , k , l , m
l
Since
m B s m T s a s b by 2Ž . Ž .Ž .D Ý Ýk , m p , k , l , m p , k , l , m k , l , mž /
l l l
 4 Ž .we can partition B into subsets S such that m S s b .k , m k , l, m l k , l, m k , l, m
Also,
S s B s T s T .D D Dk , l , m k , m p , k , l , m p
k , l , m k , m k , l , m
Letting
 4A [ S y a l , m g 1, 2Ž .Dl , m k , l , m
k
 4C [ S q u k , l g 1, 2 ,Ž .Dk , l k , l , m 1
m
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arguments analogous to those used above imply the existence of disjoint
 4 Ž .measurable sets T for j s 1, r such that 4 holds for j s 1, r.j, k , l, m
Ž . Ž . Ž .Defining u, ¤ , w as in 5 for j s 1, r, 6 is satisfied.
 4In a similar way, if we assume given disjoint measurable sets T forj, k , l, m
Ž .j s r such that 4 holds for j s r, then there exist disjoint measurable sets
 4 Ž . Ž .T for j s 1, p such that 4 holds for j s 1, p and, defining u, ¤ , wj, k , l, m
Ž . Ž .as in 5 for j s 1, p, 6 is satisfied.
Ž .Observe finally that, in the three cases above, if 7 holds then there
 4 Ž .exist disjoint measurable sets T satisfying 4 for j s q and suchq, k , l, m
Ž . Ž . Ž .that, if we define u, ¤ , w as in 5 for j s q, 8 is satisfied. Moreover,
Ž .suppose that in case i or iii i.e., j s 1 or j s r we are also given
 4 Ž .beforehand disjoint measurable sets T for j s q such that 4 holdsj, k , l, m
Ž . Ž . Žfor j s q and, defining u, ¤ , w as in 5 for j s 1, q respectively, for
. Ž . Ž . Ž Ž . Ž .j s q, r , then ¤ t s u t y u for t g T respectively, w t s ¤ t y a1 q
.for t g T . In this event, a proof similar to that of Lemma 3.3 implies ther
 4 Ž . Ž .existence of T for j s p, r respectively j s 1, p such that 8 isj, k , l, m
satisfied.
Proof of Theorem 2.1. Let 0 - u - u - 1 with u ru irrational. As1 2 1 2
Ž .mentioned above, it remains to show that any element of M u , uN 1 2
Ž .  4belongs to cl U u , u . Let P [ 0 , and define recursively1 2 0
w 4  4P [ P j p " a , p " u ‹ p g P l 0, 1 i g N j 0. Ž .iq1 i 1 i
Ž .where a s u y u . If P has j i elements we set2 1 i
t i [ min P y t i , . . . , t i j s 1, 2, . . . , j i .Ž .Ž . 4ž /j i 1 jy1
Note that t i s 0 and t i s max P . Set t i [ 1 and define1 jŽ i. i jŽ i.q1
i i iT [ t , t j s 1, 2, . . . , j i .Ž .Ž ./j j jq1
 i4For each i g N, T is a family of pairwise disjoint intervals whose unionj
is T. Since a q u s u - 1 and aru is irrational, P [ D‘ P is dense1 2 1 is0 i
w . Ž w x. iin 0, 1 see 1 and thus mT “ 0, i “ ‘.j
ŽNow, contrary to previous partitions of T for example, successive
w x. Žintervals of length u ri proposed in 5, 6 this new partition allows with1
Ž ..the conditions defining membership of M u , u us to make the compat-N 1 2
w x w xibility conditions with respect to both a and u hold in a , 1 and u , 11 1
respectively, except possibly on intervals whose length tends to zero as i
tends to infinity. This fact can be seen as follows. Consider any interval of
the form
i i i iT s t , t ; a , t/ /j j jq1 jŽ i.
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and suppose T i y a is not of the form T i , that is,j k
i i i it y a , t y a / t , t ../j jq1 k kq1
We have two cases, t i y a or t i y a does not belong to P , or t i y a s t ij jq1 i j k
for some k but t i - t i y a , that is, t i q a f P . In the first case wekq1 jq1 kq1 i
have, by construction, that both points belong to P and so we caniq1
assume, without loss of generality, that the second case holds. In this
i w i i . iq1event, t q a g P and so t , t q a is of the form T for somekq1 iq1 j kq1 n
Ž i i .n unless some point p g P belongs to t , t q a and we return toiq1 j kq1
the first case. The case is similar for u . Since mT i “ 0, the length of the1 j
intervals where this occurs tends also to zero.
Ž .Now, let m g M u , u . Given i g N, assume thatN 1 2
T i s T i q a , T i s T i q u , and T i s T i q up j q j 1 r j 2
for some p, q, r g N and j s 1. An application of Lemma 3.3 yields
 i 4 ipartitions T of T for j s 1, p, q, r such thatj, k , l, m k , l, m j
i  4m T s m t R = R = R dt k , l , m g 1, 2Ž . Ž . Ž .Ž . Hj , k , l , m k l m
iTj
and, defining
u t , ¤ t , w t [ r , r , rŽ . Ž . Ž . Ž .Ž .i i i k l m
i  4for all t g T k , l , m g 1, 2 , 9Ž .Ž .D j , k , l , m
js1, p , q , r
then
¤ t s u t y u t g T i j T i andŽ . Ž . Ž .i i 1 q r
w t s ¤ t y a t g T i j T i .Ž . Ž . Ž .i i p r
 Ž .4For all other j g 1, 2, . . . , j i , we apply the corresponding case in Note
 i 4 i3.4 to construct partitions T of T in such a way that, if wej, k , l, m k , l, m j
Ž . Ž .  Ž .4define u , ¤ , w as in 9 for j g 1, 2, . . . , j i , then, for all those inter-i i i
i w i . i ivals T ; a , t such that T y a is of the form T , we shall havej jŽ i. j k
Ž . Ž . Ž . Ž . iw t s ¤ t y a and, similarly, ¤ t s u t y u in those intervals T ;i i i i 1 j
w i . i iu , t such that T y u is of the form T . Since the set of points where1 jŽ i. j 1 k
this does not occur tends to zero, Lemma 3.2 implies that the sequence
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Ž Ž . Ž . Ž ..4 Ž .u t , ¤ t , w t ; U u , u where˜ ˜i i i 1 2
w¤ t if t g 0, uŽ . .i 1¤ t sŽ .i˜ ½ w xu t y u if t g u , 1Ž .i 1 1
ww t if t g 0, aŽ . .iw t sŽ .˜i ½ w x¤ t y a if t g a , 1Ž .i
converges to m. This completes the proof.
3.5. Note. If V is assumed to be any compact metric space, let us
briefly explain how the above proof of Theorem 2.1 can be generalized.
i Ž Ž ..First, we partition V into nonempty sets R k s 1, 2, . . . , k i of diame-k
ter at most 1ri which are differences of open sets, so that
Ž .k i
3 i i iV s R = R = R .D k l m
k , l , ms1
 i4 Ž .Suppose, as before, that T for j s 1, 2, . . . , j i is any partition of T ofj
Ž 3.nonempty disjoint Borel sets of diameter at most 1ri. Let m g M T , V ;
 Ž .4 i ichoose for each k g 1, 2, . . . , k i a point r g R , and letk k
u t , ¤ t , w t [ r i , r i , r iŽ . Ž . Ž .Ž . Ž .i i i k l m
Ž .j i
ifor all t g T k , l , m g 1, 2, . . . , k i 4Ž .Ž .D j , k , l , m
js1
 i 4 iwhere T is a partition of T satisfyingj, k , l, m k , l, m j
m T i s a i [ m t Ri = Ri = Ri dtŽ . Ž .Ž . Hj , k , l , m j , k , l , m k l m
iTj
k , l , m g 1, 2, . . . , k i . 4Ž .Ž .
Ž .Then a proof similar to that of Theorem 3.1 shows that u , ¤ , w “ m,i i i
Ž .i “ ‘. Suppose now that m g M u , u with u ru irrational. Choose theN 1 2 1 2
same family of sets T i as in the proof of Theorem 2.1. Then essentially thej
same arguments as those used before to prove Lemma 3.3, replacing the
 4  Ž .4set 1, 2 by 1, 2, . . . , k i , show that m can be approximated with ele-
Ž .ments of U u , u .1 2
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3.6. Note. If V is a compact metric space and 0 - u - u - 1, we1 2
define
M u , u s m g M u , u ‹ for some s g M T , V3 ,Ž . Ž . Ž .N 1 2 w 1 2
w xP s t s P m t a.e. in 0, 1 ,Ž . Ž .12 01
w xP s t s P t q a a.e. in 0, 1 y a ,Ž . Ž .02 02
w xP s t s P m t q u a.e. in 0, 1 y u ,Ž . Ž . 401 12 2 2
where a s u y u . If u ru is irrational, Theorem 2.1 shows that2 1 1 2
Ž . Ž .cl U u , u s M u , u . The purpose of this note is to show that the way1 2 N 1 2
Ž .M u , u is defined, in terms of equalities of projections a.e. in certainN 1 2
Ž .intervals, can be simplified. Namely, we shall prove that M u , u sN 1 2
Ž .S u , u where1 2
w x 3S u , u [ m g M u , u ‹ for some n g M 0, 1 y u , V ,Ž . Ž . Ž .1 2 w 1 2 2
w xP n t s P m t a.e. in 0, 1 y u ,Ž . Ž .12 01 2
w xP n t s P m t q a a.e. in 0, 1 y u ,Ž . Ž .02 02 2
w xP n t s P m t q u a.e. in 0, 1 y u .Ž . Ž . 401 12 2 2
w x Ž .To do so, let us state the following result from 8 Lemma 5.1. .
LEMMA. Let T ; R be a compact inter¤al and A, B, and C compact
Ž . Ž .metric spaces. Suppose m g M T , A = B and n g M T , B = C are such
Ž . Ž . Ž .that P m t s P n t a.e. in T. Then there exists g g M T , A = B = CB B
Ž . Ž . Ž . Ž .such that P g t s m t and P g t s n t a.e. in T.A=B B=C
Ž . Ž .Let us now prove that M u , u s S u , u .N 1 2 1 2
Proof.
<‘‘; ’’ It is clear by setting n [ s .w0, 1yu x2
Ž . Žw x 3.‘‘> ’’ Let m g S u , u and let n g M 0, 1 y u , V satisfy the1 2 2
conditions:
Ž . Ž . w .1. Let s t [ n t for all t g 0, 1 y u .2
Ž . Ž . Ž . Ž . w2. Let a t [ P m t , b t [ P m t q a for all t g 0, 1 y01 02
x Ž . Ž . Ž . w xa . Since m g M u , u , P a t s P b t a.e. in 0, 1 y a and so, by anw 1 2 1 1
Žw x 3.application of the lemma, there exists a g g M 0, 1 y a , V such that
w xP g t s a t and P g t s b t a.e. in 0, 1 y a .Ž . Ž . Ž . Ž .12 02
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Ž . Ž . w .Set s t [ g t for all t g 1 y u , 1 y a .2
Ž . Ž . w x3. Let s be such that P s t s P m t a.e. in 1 y a , 1 .12 01
Then one readily verifies that the conditions defining membership of
Ž .M u , u are satisfied.N 1 2
4. APPLICATIONS
The purpose of this section is to apply Theorem 2.1 to certain relaxed
controls and verify if they can or cannot be approximated with ordinary
Ž wones. Though some of these results have already been established see 6,
x.7 , we shall provide proofs of a much simpler nature. Throughout this
section we assume that we are given 0 - u - u - 1 with u ru irra-1 2 1 2
 4tional and V s 0, 1 .
Ž 3.Observe first that, if m is any element of M T , V , then
2
m t s m t R = R = R d r , r , rŽ . Ž . Ž . Ž .Ý k l m k l m
k , l , ms1
 4  4where R s 0 , R s 1 , r s 0, and r s 1. Thus, if we set1 2 1 2
c t [ m t R = R = R , c t [ m t R = R = R ,Ž . Ž . Ž . Ž . Ž . Ž .1 1 1 1 2 1 1 2
c t [ m t R = R = R , c t [ m t R = R = R ,Ž . Ž . Ž . Ž . Ž . Ž .3 1 2 1 4 1 2 2
c t [ m t R = R = R , c t [ m t R = R = R ,Ž . Ž . Ž . Ž . Ž . Ž .5 2 1 1 6 2 1 2
c t [ m t R = R = R , c t [ m t R = R = R ,Ž . Ž . Ž . Ž . Ž . Ž .7 2 2 1 8 2 2 2
then m can be expressed as
m t s c t d 0, 0, 0 q c t d 0, 0, 1 q c t d 0, 1, 0Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2 3
q c t d 0, 1, 1 q c t d 1, 0, 0 q c t d 1, 0, 1Ž . Ž . Ž . Ž . Ž . Ž .4 5 6
q c t d 1, 1, 0 q c t d 1, 1, 1 .Ž . Ž . Ž . Ž .7 8
Ž .Now, if m g M u , u , we havew 1 2
w xP m t s P m t y u a.e. in u , 1Ž . Ž .1 0 1 1
w xP m t s P m t y a a.e. in a , 1 ,Ž . Ž .2 1
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where a s u y u . Observe that these conditions are equivalent to, a.e.,2 1
w xin u , 1 ,1
c t q c t q c t q c t s c t y u q c t y uŽ . Ž . Ž . Ž . Ž . Ž .1 2 5 6 1 1 2 1
q c t y u q c t y uŽ . Ž .3 1 4 1
c t q c t q c t q c t s c t y u q c t y uŽ . Ž . Ž . Ž . Ž . Ž .3 4 7 8 5 1 6 1
1Ž .
q c t y u q c t y u ,Ž . Ž .7 1 8 1
w xand, a.e. in a , 1 ,
c t q c t q c t q c t s c t y a q c t y aŽ . Ž . Ž . Ž . Ž . Ž .1 3 5 7 1 2
q c t y a q c t y aŽ . Ž .5 6
c t q c t q c t q c t s c t y a q c t y aŽ . Ž . Ž . Ž . Ž . Ž .2 4 6 8 3 4
2Ž .
q c t y a q c t y a .Ž . Ž .7 8
Ž . Ž . Ž .We also know that, a.e. in T , c t G 0 i s 1, 2, . . . , 8 and c t q ??? qi 1
Ž . Ž . Ž .c t s 1. In view of this last relation, each line of 1 and 2 implies the8
other.
Ž 3.Now, let s g M T , V and express it as above in terms of coefficients ai
for i s 1, 2, . . . , 8, where a corresponds to the definition of c replacing mi i
by s :
s t s a t d 0, 0, 0 q a t d 0, 0, 1 q a t d 0, 1, 0Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2 3
q a t d 0, 1, 1 q a t d 1, 0, 0 q a t d 1, 0, 1Ž . Ž . Ž . Ž . Ž . Ž .4 5 6
q a t d 1, 1, 0 q a t d 1, 1, 1 .Ž . Ž . Ž . Ž .7 8
We then have:
Ž . Ž .a. P s t s P m t m12 01
a t q a t s c t q c tŽ . Ž . Ž . Ž .1 5 1 2
a t q a t s c t q c tŽ . Ž . Ž . Ž .2 6 3 4
a t q a t s c t q c tŽ . Ž . Ž . Ž .3 7 5 6
a t q a t s c t q c tŽ . Ž . Ž . Ž .4 8 7 8
Ž . Ž .b. P s t y a s P m t m02 02
a t y a q a t y a s c t q c tŽ . Ž . Ž . Ž .1 3 1 3
a t y a q a t y a s c t q c tŽ . Ž . Ž . Ž .2 4 2 4
a t y a q a t y a s c t q c tŽ . Ž . Ž . Ž .5 7 5 7
a t y a q a t y a s c t q c tŽ . Ž . Ž . Ž .6 8 6 8
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Ž . Ž .c. P s t y u s P m t m01 2 12
a t y u q a t y u s c t q c tŽ . Ž . Ž . Ž .1 2 2 2 1 5
a t y u q a t y u s c t q c tŽ . Ž . Ž . Ž .3 2 4 2 2 6
a t y u q a t y u s c t q c tŽ . Ž . Ž . Ž .5 2 6 2 3 7
a t y u q a t y u s c t q c t .Ž . Ž . Ž . Ž .7 2 8 2 4 8
Ž w x .We have already proved see 6 for details that, for the noncommensu-
rate case, all constant weakly relaxed controls belong to the closure of the
space of ordinary delayed controls. Let us see how a simple application of
Theorem 2.1 yields this result.
Ž 3. Ž .4.1. EXAMPLE. If m g M T , V is constant then m g cl U u , u m m1 2
Ž .g M u , u .w 1 2
Proof. The ‘‘« ’’ part follows immediately from Theorem 2.1. To prove
Žthe converse, observe that there exist nonnegative constants c i s 1, 2,i
.. . . ,8 with c q c q ??? qc s 1, such that1 2 8
m t s c d 0, 0, 0 q c d 0, 0, 1 q c d 0, 1, 0 q c d 0, 1, 1Ž . Ž . Ž . Ž . Ž .1 2 3 4
q c d 1, 0, 0 q c d 1, 0, 1 q c d 1, 1, 0 q c d 1, 1, 1Ž . Ž . Ž . Ž .5 6 7 8
t g TŽ .
and
c q c s c q c and c q c s c q c or c q c s c q c .Ž .3 4 5 6 2 6 3 7 2 4 5 7
Define
s t [ a d 0, 0, 0 q a d 0, 0, 1 q a d 0, 1, 0 q a d 0, 1, 1Ž . Ž . Ž . Ž . Ž .1 2 3 4
q a d 1, 0, 0 q a d 1, 0, 1 q a d 1, 1, 0 q a d 1, 1, 1Ž . Ž . Ž . Ž .5 6 7 8
t g TŽ .
where a s c , a s c , a s c , a s c , a s c , a s c , a s c , and1 1 2 5 3 3 4 7 5 2 6 6 7 4
a s c , i.e.,8 8
s t [ c d 0, 0, 0 q c d 0, 0, 1 q c d 0, 1, 0 q c d 0, 1, 1Ž . Ž . Ž . Ž . Ž .1 5 3 7
q c d 1, 0, 0 q c d 1, 0, 1 q c d 1, 1, 0 q c d 1, 1, 1Ž . Ž . Ž . Ž .2 6 4 8
t g T .Ž .
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Ž . Ž .Then one readily verifies that a ] c are satisfied. By Theorem 2.1,
Ž . Ž .m g M u , u s cl U u , u .N 1 2 1 2
w xDealing for the first time in 7 with nonconstant weakly relaxed con-
trols, we treated several controls depending exclusively on two of the
coefficients c in the representation of the control. Let us see two of thesei
cases. One can easily show that the same conclusion holds for the cases
Ž . Ž . Ž . Ž . w xc t q c t s 1 and c t q c t s 1 a.e. in 0, 1 .2 7 3 6
Ž . Ž . Ž .4.2. EXAMPLE. If c t q c t s 1 a.e. in T then m g cl U u , u m m1 8 1 2
Ž .g M u , u .w 1 2
Ž .Proof. If m g M u , u , the compatibility conditions satisfied by mw 1 2
correspond to
w xc t s c t y u « c t s c t y u a.e. in u , 1Ž . Ž . Ž . Ž . Ž .1 1 1 8 8 1 1
w xc t s c t y a « c t s c t y a a.e. in a , 1 .Ž . Ž . Ž . Ž . Ž .1 1 8 8
Ž . Ž . Ž . Ž . Ž .Setting a t [ c t , t g T , i s 1, 2, . . . , 8 , conditions a ] c hold andi i
Ž .thus m g cl U u , u .1 2
Ž . Ž . Ž .4.3. EXAMPLE. If c t q c t s 1 a.e. in T then m g cl U u , u m m4 5 1 2
Ž .g M u , u .w 1 2
Ž .Proof. If m g M u , u , thenw 1 2
w xc t s c t y u « c t s c t y u a.e. in u , 1Ž . Ž . Ž . Ž . Ž .4 5 1 5 4 1 1
w xc t s c t y a « c t s c t y a a.e. in a , 1 .Ž . Ž . Ž . Ž . Ž .4 4 5 5
Ž . Ž . Ž . Ž . Ž . Ž .Setting a t [ c t , a t [ c t , and a t s 0 t g T , i / 2, 7 , condi-2 4 7 5 i
Ž . Ž .tions a ] c hold.
Let us now treat a case depending on four of the coefficients. It shows,
in particular, that not necessarily all weakly relaxed controls belong to the
closure of the space of ordinary controls.
Ž . Ž . Ž . Ž .4.4. EXAMPLE. Suppose c t q c t q c t q c t s 1 a.e. in T. Then3 4 5 6
Ž . Ž . Ž . Ž . Ž . Žm g cl U u , u m m g M u , u and c t s c t y u , c t s c t y1 2 w 1 2 3 6 1 4 5
. Ž . Ž . Ž . Ž . w xu , c t s c t y u , c t s c t y u a.e. in u , 1 .1 5 4 1 6 3 1 2
Ž . Ž .Proof. ‘‘« ’’ Suppose m g cl U u , u . By Theorem 2.1, m g M u , u1 2 w 1 2
Ž 3. Ž . Ž . Ž .and there exists s g M T , V such that a ] c above hold. By a we
w x Ž . Ž . Ž . Ž .have, a.e. in 0, 1 , a t s a t s a t s a t s 0 and1 4 5 8
a t q a t s c t q c t , a t q a t s c t q c t .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .2 6 3 4 3 7 5 6
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Ž . w xBy b we have, a.e. in a , 1 ,
a t y a s c t , a t y a s c t , a t y a s c t ,Ž . Ž . Ž . Ž . Ž . Ž .2 4 3 3 6 6
a t y a s c t .Ž . Ž .7 5
Ž . w xBy c we have, a.e. in u , 1 ,2
a t y u s c t , a t y u s c t , a t y u s c t ,Ž . Ž . Ž . Ž . Ž . Ž .2 2 5 3 2 6 6 2 3
a t y u s c t .Ž . Ž .7 2 4
Ž . Ž . Ž . Ž . Ž . Ž . Ž .Thus c t s c t y u , c t s c t y u , c t s c t y u , and c t s3 6 1 4 5 1 5 4 1 6
Ž . w xc t y u a.e. in u , 1 .3 1 2
Ž .‘‘¥’’ Observe first that, if m g M u , u , thenw 1 2
c t q c t s c t y u q c t y u « c t q c tŽ . Ž . Ž . Ž . Ž . Ž . Ž .3 4 5 1 6 1 5 6
w xs c t y u q c t y u a.e. in u , 1Ž . Ž .3 1 4 1 1
c t q c t s c t y a q c t y a « c t q c tŽ . Ž . Ž . Ž . Ž . Ž . Ž .3 5 5 6 4 6
w xs c t y a q c t y a a.e. in a , 1 .Ž . Ž .3 4
Hence, if we define
wc t q a if t g 0, 1 y aŽ . .4a t [Ž .2 ½ w xc t if t g 1 y a , 1Ž .3
wc t q a if t g 0, 1 y aŽ . .3a t [Ž .3 ½ w xc t if t g 1 y a , 1Ž .5
wc t q a if t g 0, 1 y aŽ . .6a t [Ž .6 ½ w xc t if t g 1 y a , 1Ž .4
wc t q a if t g 0, 1 y aŽ . .5a t [Ž .7 ½ w xc t if t g 1 y a , 1 ,Ž .6
Ž . Ž . Ž .conditions a ] c above are satisfied and so m g cl U u , u .1 2
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As an application of this last result, let us consider two more examples.
Ž .4.5. EXAMPLE. Let u [ 1r2 and u g u , 1 with u ru irrational.1 2 1 1 2
Ž .Note that a g 0, u . Consider the functions1
¡ w2a y 2 t t g 0, a.
w0 t g a , u .1~c t sŽ .3 w2 t y 1 t g u , u .1 2¢ w x2a t g u , 12
¡ w1 y 2a t g 0, a.
w1 y 2 t t g a , u .1~c t sŽ .4 w0 t g u , u .1 2¢ w x2 t y 2a y 1 t g u , 12
¡ w2 t t g 0, a.
w2 t y 2a t g a , u .1~c t sŽ .5 w1 y 2a t g u , u .1 2¢ w x2 y 2 t t g u , 12
¡ w0 t g 0, a.
w2a t g a , u .1~c t sŽ .6 w1 y 2 t q 2a t g u , u .1 2¢ w x0 t g u , 12
Ž . 6 Ž . Ž .and observe that c t G 0 and Ý c t s 1 t g T . Now, one readilyi 3 i
verifies that
w xc t q c t s c t y u q c t y u a.e. in u , 1Ž . Ž . Ž . Ž .5 6 3 1 4 1 1
w xc t q c t s c t y a q c t y a a.e. in a , 1Ž . Ž . Ž . Ž .3 5 5 6
and so
m t s c t d 0, 1, 0 q c t d 0, 1, 1 q c t d 1, 0, 0Ž . Ž . Ž . Ž . Ž . Ž . Ž .3 4 5
qc t d 1, 0, 1 t g TŽ . Ž . Ž .6
Ž . Ž . Ž . Ž . Ž . Ž .belongs to M u , u . Also, c t s c t y u , c t s c t y u , c t sw 1 2 3 6 1 4 5 1 5
Ž . Ž . Ž . w xc t y u , and c t s c t y u a.e. in u , 1 . The result of Example 4.44 1 6 3 1 2
Ž .implies that m g cl U u , u .1 2
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4.6. EXAMPLE. Let
w0 if t g 0, u .1c t s c t sŽ . Ž .3 6 ½ w x1r2 if t g u , 11
w1r2 if t g 0, u .1c t s c t sŽ . Ž .4 5 ½ w x0 if t g u , 11
so that
1 1 wd 0, 1, 1 q d 1, 0, 0 if t g 0, uŽ . Ž . .12 2
m t sŽ . 1 1½ w xd 0, 1, 0 q d 1, 0, 1 if t g u , 1 .Ž . Ž . 12 2
Since
1 1P m t s d q d for all t g T and i s 0, 1, 2,Ž .i 0 12 2
Ž . Ž . Ž . Ž .we have m g M u , u . Now, the conditions c t s c t y u , c t sw 1 2 3 6 1 4
Ž . Ž . Ž . Ž . Ž . w xc t y u , c t s c t y u , c t s c t y u hold a.e. in u , 1 if and5 1 5 4 1 6 3 1 1
Ž .only if u ) 2u . Therefore m g cl U u , u if and only if u ) 2u .2 1 1 2 2 1
The result obtained in this last example can somehow be visualized in
 i 4the next figure where, following the construction of sets T intro-j, k , l, m
duced in Lemma 3.2, we represent the values of u in the first line, ¤ ini i
the second, and w in the third, and we assign black and white to thei
values 0 and 1 respectively. The numbers above the intervals correspond to
the index of the coefficients.
Observe that, in this figure, u - 2u . Now, if the corresponding parti-2 1
tions of T i, T i q a , and T i q u are defined according to the figure, so1 1 1 1
that
w t s ¤ t y a t g T i q a andŽ . Ž . Ž .i i 1
¤ t s u t y u t g T i q u ,Ž . Ž . Ž .i i 1 1 1
then, no matter how we choose the partition of T i q u , we shall have1 2
Ž . Ž . Ž . Ž . ieither ¤ t / u t y u or w t / ¤ t y a for t g T q u .i i 1 i i 1 2
We end this section with a simple example, similar to one introduced in




w0 if t g 0, a.
c t s c t sŽ . Ž .1 8 ½ w x1r2 if t g a , 1
w1r2 if t g 0, a.
c t s c t sŽ . Ž .3 6 ½ w x0 if t g a , 1
so that
1 1 wd 1, 0, 1 q d 0, 1, 0 if t g 0, aŽ . Ž . .2 2
m t sŽ . 1 1½ w xd 0, 0, 0 q d 1, 1, 1 if t g a , 1 .Ž . Ž .2 2
Since
1 1P m t s d q d for all t g T and i s 0, 1, 2Ž .i 0 12 2
Ž . Ž .we have m g M u , u . Now, suppose that m g cl U u , u . By Theoremw 1 2 1 2
Ž . Ž . Ž . Ž . Ž .2.1 there exists s g M u , u such that a ] c above hold. By a and bN 1 2
Ž . Ž . w x Ž . Ž . Ž .we have a t s a t s 0 a.e. in 0, 1 y a and, by c , a t q a t s 1r21 2 1 2
w x Ž .a.e. in 0, 1 y u , which is a contradiction. Thus m g M u , u but2 w 1 2
Ž .m f cl U u , u . This case is depicted in the following figure.1 2
Observe that we again have
w t s ¤ t y a t g T i q a andŽ . Ž . Ž .i i 1
¤ t s u t y u t g T i q u ,Ž . Ž . Ž .i i 1 1 1
Ž . Ž . Ž . Ž . ibut either ¤ t f u t y u or w t / ¤ t y a for t g T q u .i i 1 i i 1 2
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